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Abstract . A sp ec tral technique is developed for solving th e Six th -Ord er Generalized Boussinesq Equation (6G B E) which arises in the well-posed models of shallowlayer inviscid fl ows or nonlinear chains. Sta tionary localized waves are considered in
t he fr a me moving to t he right . Depending on th e in terpl ay bet ween the celerity and
dispersion pa ra meters, the locali zed waves can be eit her monotone or with damp ed
oscill a tory tails. We show th a t the oscill a tory localized waves can form bound states.
The spectral technique developed here is a pplied also to the dy na mical problem of
head-on collisions of solita ry wa ves ( "qu asi-pa rticles").

1. Introduction

After Zabusky and Kruskal (10] discovered the particle-like behavior of localized solutions of KdV equation an increased attention has been paid in the literat ur
to equations having soliton solutions. A number of these equations appear nat urally
in more and more diversified applied fields, such as flow s in sh allow layers, latti
dynamics , condensed matter, etc., and the soliton paradigm has become an im por·
tant topic of the nonlinear physics furnishing the most impressive example of in trin si
connection between discrete and continuous concepts in physics.
In the present paper, we study the problem of the numerical solution of ti
Boussinesq equation, "improved" by adding sixth-order dispersion which is one of LIH
options in making the model linearly stable. As argued in [5] the sixth order dispcr·
sion appears naturally both for the lattice dynamics and shallow water flow s. T h!l
Sixth-Order Generalized Boussinesq Equation (6GBE) is thus mathematically 80 111 11 1
allowing numerical investigation of permanent waves that result from the ballu.nro lw
tween dispersion and nonlinearity. However, introducing additional dispersion L<ll' ill
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brings into existence more complicated shapes for the localized waves, e.g., with oscillatory non-monotone tails. Like some other more elaborated models, the 6GBE h as
not been yet shown to be fully integrable and only admits limited a nalytical treatment. That is why the development of adequate numeri cal techniques is of cru cial
importance. The most formidable difficulty on this way is the artifi cial viscosity, especially when the long time evolution of conservative system s is being investigated.
In the framework of finite differences the problem of artificial viscosity was allev iated
in [4] (see also [3] for generalization of the conservati ve scheme) .
An alternative way to avoid the problem of artificial viscosity is to em ploy a
Fourier-Galerkin spectral technique (see the discussions in [2]) . To this aim is devoted
the present paper. We show here that the spectral technique is an effi cient tool for
investigating both the stationary and transient localized solutions of 6GBE.
By means of the algorithm developed here we study the physical properties of
"6GBE quasi-pa rticles" such as collisions and formation of bound st a tes.

evolution

a6.k

(>. - (J kj2 +kj4 )Uj + ~

T he simples t version of 6GBE that is paradigmatically consistent reads
Utt = -/ uxx

+ a(u 2)xx + f3 ux• + DUx• ,

(2. 1)

where the sixth-order dispersion coefficient is always positive .S > 0. Sin ce this coeffi cient can be rescaled , we will take .S = 1 in the following without loss of generality.
Let us consider the stationary waves in the moving frame ~ = x - ct. After a
double integration with respect to ~ and taking into account the localized character
of the investigated solutions, one obtains the following nonlinear ODE

>.u + au 2 + /3u{{ + u{' = 0,

).

=l -

c2

(2 .2)

.

We are looking for solutions with u --> 0 for~ --> ±oo . Then u 2 ~ u in the tails
and the lineari zed version of (2 .2) coincides with its linear part. The latter possesses
harmonic solutions of the type ek{ . The corresponding dispersion relation reads

k

4

+ (3k 2 +). = 0,

i.e. ,

k2

=

~

[-!3 ± J/3

2

-
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3. Fourier-Galerkin Spectral Technique for Stationary Waves
Equation (2.2) is nonlinear and can be solved by some iterative method. We
introduce an artificial time (say s) arriving at the following nonlinear equation of

N- 1

L

}

U;Uj - i

) (3 .2)

•=- (N- 1)

+ oo

U( k)=

j

u(O e-ik{ dC

ki =j6.k,

Ui=U (ki ),

j = 0,± 1, ± 2, ... , ± N.

- oo

Here we make use of the trapezoidal rule in order to evaluate the convolution integral
representing the Fourier transform of the quadratic nonlinear term. Since we seek
real solutions which are also even functions of~' we have u•(k) = U(k).
For a bifurcation problem, nothing precludes a priori the solution of Eqs . (3 .2)
from converging to the trivial solution Ui = 0. We have found that the way to prevent
this is to impose a constant value on one of the modes, e.g., on the zero mode Uo .
Then the equation for j = 0 is left free and we render it as a definitive equality for·
one of the parameters appearing in Eq. (3 .1). Since a is another scalable coefficient,
we choose it as the said adaptive parameter for which we have

(2 .3)

Eq. (2 .3) shows that the natural classification of stationary solutions should be based
on two criteria which define together the spatial asymptotic behavior of the tails.
First : a stationary solution can be subsonic (). > 0) or supersonic ( >. < 0); Second:
t he asy mptotic tails of the localized wave can be either monotonic, purely oscillatory
or damped oscillatory, depending on whether k 2 is real positive, real negative or
complex.

(3 .1)

1

with u vanishing at infinity together with its derivatives.
There can be used various different iterative procedures but the solitary-wave
problem is a bifurcation one and t he route to the stationary solution of (3.1) (or which
is the same (2 .2 )) is of crucial import ance. In fact the discretization of time- derivative
in (3. 1) provides some kind of relaxation procedure which prevents the algorithm from
going too prematurely in the vicinity of the trivial solution . This of course introduces
a n art ificial dissipation but it should be underlined that it has nothing to in common
wit h t he possible intrinsic artificial viscosity of the scheme for the original generalized
wave equation (2. 1).
Afte r a pplying Fourier transform , discret izing and t runcating in the Fourier
space, eq.( 3.1) t akes t he form

8Ui
- a; =

2. Localized Waves in 6GBE

-ou
- = ).u + Q'U 2 + (3 U{{ + U{'
OS

a(s)

= -21l'Uo>.(6.kt 1 {

ug

+ U'j. + 2

81 }-1

N

2

U;

After convergence of the iterations , the solution obtained is renormalized t
through multiplying by a.

(3 . ~)

• I

4. Stationary Shapes
In the subsonic case >. > 0 for 1/31 > 2,[)., the square of the wa.vcnu rn bor A.'A
given by (2.3) is real and negative for both signs of the radical and one has four· pur'tll
imaginary wavenumbers. In the supersonic case ). < 0, k2 is always real rcgtmll t!HM
to the sign of (3 . Eq. (2.3) gives for P a positive and a negative value a nd Wtl 1111
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again confronted with the problem of purely imaginary wavenumbers. In both of
these special cases solutions in Fourier space include Dirac 5-functions which cannot
be treated numerically without some special implementation. Furthermore, because
of their persisting oscillatory nature, these solutions are obviously non-local (see [1]
for illuminating discussion on this subject). For these reasons they go beyond the
aim of the present paper and will make an object of a future publication . Here we
consider only the subsonic localized waves for moderate values of the fourth -order
dispersion parameter j3 when the solution can be either with monotone tails or with
damped oscillatory tails. In order not to overload our discussion, we take in what
follows 1 = 1. Let us remind that a and 5 have already been taken equal to 1.

{ 1. Monotone Shap es
Such shapes appear for j3 < - 2/X with A ositive. In particular, for j3 = -1,
the condition for having monotone tails is c > 1 - 0.25/3 2 ~ 0.866. In this case an
analytical solution of Eq. (2.2) is available (see, e.g., [9])
1o5 /3

(~

2

R)

I

36

Uan(~) = 169 2a sech4 2V 13 ' lei= V 12- 169j32 .

(4.1)

We have found the Fourier transform of the solution (4.1) (see [7], Sec. 3.985.2),
namely
2
)
10571' k (
-1
(4.2)
Uan(k) = 507 02 402 + 1 smh
20 ' 0 =2V13 ·

k

0

(h)

1H

For the selected parameters 1 = 1 and j3 = -1, the celerity of the analytical
solution is c ~ 0.88712 which falls into the range c > 0.866 for monotone shapes. In
order to verify the performance of the technique we started the numerical experiments
with this particular value of the celerity. As far as the hump is concerned the solution
we obtained in Fourier space virtually coin cides with the Fourier transform (4.2)
of the analytical solution even when only 12 (positive) modes are used. This very
small number of needed modes testifies for the efficiency of our spectral technique.
Nevertheless, spectral solutions are intrinsically periodic with the period 271' / !:!.k in
physical space. Hence a higher number of modes may be necessary in order to obtain
a good resolution of the tails in the far field . Table 1 shows the relative error in
Fourier space for the six first modes as function of the number of modes N (or the
Fourier spacing !:!.k) . For the upper modes, both the analytical and approximated
solutions vanish when the number of modes is between 10 and 20. It is seen that
the relative error decreases exponentially with !:!.k . This experiment as well as all the
others have been achieved with kmax = 3.
In contrast with the fourth-order Boussinesq and KdV equations, the analytical solution of Eq. (4.1) is available only for a single value of c. This is a limitation of
the analytical methods rather than a new result about the spectrum of the eigenvalue
problem, because there is no reason to expect such a drastic change of the latter. We
were indeed able to recover numerically the monotone shapes for 0.866 < c < 1. The

TABLE 1

Checking the algorithm for stationary shapes: relative error between analytical and approximated
solutions ( c = 0.88712).

N
t>k

j=O
j=1
j=2

j=3
j=4
j=5

10
0.300
-0.004689
0.010882
0.019644
0.029568
0.038981
0.046875

12
0.250
-0.000720
0.000988
0.001631
0.002459
0.003331
0.004691

14
0.2 14
-0.000092
0.000093
0.000141
0.000210
0.000296
0.000485

16
0.188
-0.000007
0.000009
0.000014
0.000210
0.000023
0.000052

18
0.167
0.000004
0.000001
0.000002
0.000004
0.000006
0.000022

20
0.150
0.000005
0.000001
0.000002
0.000003
0.000004
0.000000
-

presented results are in a very good quantitative agreement with the difference solution of [5] for monotone shapes. Similarly to the case of the fourth-order proper
Boussinesq equation, subsonic humps have a larger amplitude when they are slower.
In Fig. 1 the monotone solutions we obtained for different celerities are presented.

-30

-20

30

=

Fig. 1. Monotone shapes for different celerities c 0.87, 0.90, 0.93, 0.96 and 0.99. Slower
have larger amplitude.

WIWC8

4.2. Damped Oscillatory Shapes
This class of subsonic waves corresponds to -2/X < j3 < 2/X. As
increased from the lowest limit to the upper one, the soliton develops small-amp liLudt
damped periodic tails and the damping is lesser with the increase of j3. Tho dfilllJHld
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oscillatory solutions are named after Kawahara [8] who discovered them numerically in
the Fifth-order KdV equation. The Kawahara solitons are intermediate case between
the monotone shapes and the above mentioned non-local waves. The transfer from one
extreme case to the other is made through the progressive selection of a wavenumber
of the tails. Indeed, as {3 approaches its upper limit, the amplitude of a selected
Fourier mode becomes increasingly high. Fixing 1 = 1 and c ~ 0.866 the "{3-interval"
corresponding to Kawahara's solitons is (-1, 1]. In order to show the progressive
transformation from monotone shapes to persisting oscillatory shapes, we present in
Fig. 2 different Kawahara's solitons obtained with c ~ 0.866 and 1!31 < 1. Similarly to
the case of monotone shapes, the following results are in full quantitative agreement
with the corresponding ones obtained in [5] by means of finite differences method.

solutions of (3.1) and we shifted them symetrically with respect to the origin of the
moving frame. Playing with the initial distance (noted d0 in the following) between
Kawahara's solitons our experiments showed that 6GBE admits two bound states
(represented in bold in Fig. 3) and an infinity of pairs of solitary waves (thin lines
on the same figure) . This result allows us to define a finite distance of interaction
(increasing function of c and {3) as the minimum initial distance between humps which
leads to a pair of solitary waves rather than to a bound state. While increasing d0
from 0, the first bound state to appear is always the trivial one (e.g. initial waves
collapse into the original one). After a first threshold of d0 , the waves form the second
bound state, and so on until another threshold. Further increase of d0 will give rise
to the pairs of solitary waves or to the trivial bound state again if the distance of
interaction is big enough. In the second case, still increasing d0 will make the solitons
forming again the second bound state and finally a pair of solitary waves .

0.1
0.0

1

~=-cf-~

-40
-0.1

0a0

- 0.2

-0.,

-0 .3
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-0.4

- 0.3

-0 .6~---.----.---.----.---.----r---,---,
-40.0 - 30.0 - 20 . 0 -10.0 0 . 0
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-0.4

I
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I

I
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- 0.5

Fig. 2. Kawahara shapes c ~ 0.866,

/3 = -

1.00, - 0.40, 0.00, 0.40, 0.60, 0.80, 0.95 .
The oscillatory aspect is more and more visible as f3 is increased.

-0.6

Fig. 3. Bold lines: the two bound states formed by Kawahara 's solitons with f3

4.9. Bound States
In the following we use the expression "bound state" to describe a stationary
solution of (3 .1) consisting of two main humps linked through their interacting tails
and being asymptotically stable with respect to a small perturbation of their position
(see [6] for discussion about the so-called multi-solitons). A bound state should
be distinguished from a "pair of solitary waves" which differ from bound states by
the absence of interaction between them. Such a solution is stable in the sense of
Lyapunov with respect to a perturbation of the position of the humps. In order to
capture bound states, we used the technique described above without any change.
The only difference resides in the initial conditions. Indeed, rather than imposing
arbitrary ones we took as initial conditions two identical stationary solitary shapes

= 0.80,

c = 0.70 and doE [0, 2.60] for the trivial one and doE (2 .70 , 6.70] for the second one.

Thin lines: a series of pairs of solitary waves corresponding to do

= 8.00, 9.00, .. . , 15.00.

5. Some Results for the Dynamics and Interactions
It is not the aim of this paper to present a detailed and fully classified description of dynamical properties of 6GBE soliton s. Rat her, we bri efly outline here
some results obtained with our spectral technique abo ut dynamics. Now we extend
the technique to the case of second-order in time equat ion, and we st ill impose a constant value to the zero mode. Eq. (2.1) is solved beginning from th e initi al condition
consis ting in the linear superpositi on of two soluti ons u 1 and u 2 differing from their
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celerities c1 and c2, respectively centered in x 1 and x2, lx 1 - x2l being supposed to be
large enough. Then in Fourier space initial conditions have the form

Ul (k)

+ e-ikx, U2( k) '

U(k, 0)

e -ikx,

V(k, 0)

-ik(c1 e-ikx'U1(k)

+ c2 e-ikx

(5.1)
2

U2(k)) .

(5.2)

Fig. 4 shows the propagation and head-on collision between two different monotone
shapes . It is seen that the waves experience a phase shift during the collision. This
phase shift is stronger for the faste r wave (smaller amplitude). Similar results were
obtained for Kawahara's solitons , but wi th a higher number of modes in order to
increase the period of the spectral solution and t hus to avoid unwanted interactions
between adj acent solitons. It should be noted that there are two cases for whi ch
we never succeeded to achieve those collisions: between Kawahara's solitons having
quite different amplitudes and between solitons from different classes. In both of
these cases interactions resulted in a nonlinear blowup which is indeed allowed by the
conservativeness of the system under consideration.
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0
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20
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vicinity of the trivial solution. T he accuracy appears to be of ex ponent ial order in
the wavenumber.
We have applied the technique to bot h cases: stationary in t he mov ing frame
waves and dynamical interactions of the lat ter.
For a given subsoni c celerity (c such th at 1 2 - c2 = .A < 0) there exist t hree
classes of waves depending on the magnit ude of t he fourt h-order dis persion {3 . We
concern ourselves onl y with the stri ctl y localized solu t ions (w ith mo noto ne or dam ped
oscill atory tails).
T he so-called Kawahara's soli to ns constit ute act ually an intermediate class
bet ween mo notone shapes (/3 < -2 v0:) an d purely oscillato ry shapes (/3 > 2v0:).
We have studi ed also t he propagat ion and head-on collision between 6G BE
"quasi-particles" and fo un d the presence of ph ase shift an d nonlinear blow-up in
t he respecti ve cases. We have found that besides of t he one-soliton solution wit h
oscillatory tails (Kawahara's soliton), 6G BE admits at least one qu anti zed bound
state fo rmed by two Kawahara's soli tons.
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